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Abstract

We present a massively parallel quantum Monte Carlo baspteimentation of real-space dynamical mean-field theoryéor-
eral inhomogeneous correlated fermionic lattice systefssa first application, we study magnetic order in a binarytori of
repulsively interacting fermionic atoms harmonicallypp&d in an optical lattice. We explore temperatuffeas and establish
signatures of the Néel transition in observables diremtigessible in cold-atom experiments; entropy estimatealao provided.
We demonstrate that the local density approximation (LNsffor ordered phases. In contrast, a “slab” approxinmegitows us
to reach experimental system sizes wiifi0°) atoms without significant loss of accuracy.
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Starting with the achievement of Bose Einstein condensatio Then, we turn to a first application, establishing the esakent
ultracold atomic gases have led to fascinating insightaieng  physics related to AF order in a relatively small system imvo
tum many-body phenomena [1]. With the recent experimentahg O(100) atoms. In order to minimize finite-siz&ects, we
successes in realizing quantum degenerate [2] and stramgly choose a square lattice geometry for which finite-tempegatu
teracting Fermi gases [3, 4] in optical lattices, such systare  antiferromagnetism is not really physical; however, dught
considered as highly tunabdgantum simulators of condensed mean-field character of the DMFT, the results are repreteata
matter [5]. The recent observation of the fermionic Mothtra of three-dimensional cubic systems, up to a change in energy
sition in binary mixtures of°K on cubic lattices [3, 4] marks scales. Using selective simulations wifl{1000) atoms, we
important progress in this respect. The next experimeh@tc establish that the properties of large three-dimensioioaids
lenge, taken up by many of the leading groups, is to reach anchn be accurately extracted from simulations for centrak tw

identify an ordered antiferromagnetic (AF) Néel phase. dimensional slabs and that simulation boxes can be chosen
Ultracold quantum gases on optical lattices have several agmaller than one would naively expect. _
vantages in comparison to solid state systems; howevedgthe =~ Model and Methods — Binary mixtures of equivalent

tection methods established for solids do not always finceeor fermions in an optical lattice are well described by the Harilo
spondence in cold-atom experiments. In particular, theaet model (with trapping potential; = Vor?/a?),

tion of the AF order parameter is not straightforward. There = g e +uS Aof v N 1
fore, it is important to identify fingerprints of AF phasesath -t Z CioCie + Z Mipfip + Z( 1) i (1)
are directly accessible experimentally. e ' h

Due to the intrinsic inhomogeneity of trapped atomic clouds Here,ri,, = éiT(réi(r, ¢ (éiTrr) are annihilation (creation) operators

even the qualitative interpretation of experimental dagg he-  for a fermion with (pseudo) spim € {7, |} at sitei (with coordi-
pend on corresponding quantitative simulations. The dycam natesr;), t is the hopping amplitude between nearest-neighbor
mean-field theory (DMFT) is well established as a powerful,sites(ij), U > 0 is the on-site interaction, ands the chemical
nonperturbative approach to interacting Fermi systemg]6, potential. We choos¥, = 0.25t and uséd as the energy unit.
Spatial inhomogeneities of the optical lattice can be aagtu The RDMFT approach [8, 9] is based on the following ex-
within a real-space extension of the method (RDMFT) [8, 9]pression for the Green function mati for Matsubara fre-
or, approximately, by applying DMFT within a local densify-a quencyiw, = (2n + 1)izT (with spin indices suppressed):
proximation (LDA). In either case, the numerical accuraey d . _1 . . )
pends on the method chosen as DMFT impurity solver. Quan- [Gliwn)]ij = tij + [iwn + 1 = Vi = Ziiwn)] 6ij ; (2)
tum Monte Carlo (QMC) based solvers are precise and eveRere the only approximation is the DMFT assumption of a local
numerically cheap at or above the temperatliferénges rele-  (j.e. site-diagonal) self-energy, which corresponds to a mo-
vant for AF ordering and accessible in cold-atom experisent mentum independence Bfin translation-invariant systems [7].
In this paper, we introduce our Hirsch-Fye QMC [10] basedThe standard DMFT impurity problem, one for each inequiv-
RDMFT implementation, with focus on computational aspectsalent lattice site, is solved in this work using the HirsareF
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Figure 1: RDMFT-QMC results for square latticép(t = 0.25, U/t = 10). Th
First row: as evidenced by the local magnetization, a largeére is strongly

polarized (up to 90%) fof < 0.14t (left columr_l); with increasing’,_both ex- Figure 2: Main panel: RDMFT-QMC estimates of entropy for @gulattice
tent and magnitude of the AF order decay until a paramagphktise is reached (Vo/t = 0.25,U/t = 10); QMC data for the average entropy per particle (circles,

_for T> T.N ~ _0.'32' Secon%rogv: the d(:]gtéle OCcuEacvcé)é_is ztrongtljy enhancedfor discretizationAr = 0.1) and for the entropy of the central site (squares,
in AF regions; in contrast, the density (third row) showseli dependence. also forAr = 0.1) are hardly distinguishable from corresponding estiméte

At = 0.05 (crosses). Inset: temperature derivativigenya/dT of the central
density for representative values of the chemical potentia

QMC algorithm [10]. The discretization of the imaginaryag
interval 0 < 7 < 1/(kgT) introduces a systematic error which
can be eliminated by extrapolations — 0 [11, 12]. In this at low temperatures, it is enhanced, by up to 50%, in the de-
work, we choosért = 0.1 unless indicated otherwise. veloping central antiferromagnetic core. For measuremeht
Note that (2) only couple ands. at the same Matsubara fre- the double occupancy, accuracies of abadtlthave already
quency; thus, the matrix inversions can be performed inlighra been established [3]; thus, only a minor refinement is neewled
for the 500 Matsubara frequencies explicitly taken intcomrt. ~ resolve this AF signal (when low enoughcan be reached).
In contrast, the impurity equations coupléfdient frequencies Experimentally, the fermionic systems are prepared withou
(and imaginary times), but are local in the site indices.réhe an optical lattice and with negligible interactions; thétiai
fore, this part of the self-consistency problem can be perénl  temperature can, therefore, be determined by fitting theitien
in parallel for all inequivalent impurities. In additiorhe im-  profile with a Fermi distribution function. Then, the latics
portance sampling for each impurity may be distributed (viaswitched on; due to the localization, this also induces damin
MPI) over some 16- 100 processes. In total, the program caninteraction. Clearly, the temperature of a final equilibristate
saturate 500 CPU cores for large enough problems. will di ffer greatly from the initial value (in an unknown way);
Results for square lattice— For the square lattice, the nonin- however, the process is essentially adiabatic. Theretony,
teracting dispersion extends frordt to 4t, leading to a band- the entropy density is a reliable temperature scale.
width of W = 8t. The chosen interactiod = 10t is already Monte Carlo importance sampling cannot directly access en-
in the strongly correlated regime: at half filling, the feams  tropy (or free energy) information. Thus, we revert to therth
would always be localized. However, in the inhomogeneousnodynamic relatiordS/du = dN/dT and obtain the entropy
trapped system, an outer shell has to remain delocalizetbdue density from integrating over temperature derivatives artip
the outward decay of the filling to zero. Consequently, stag€le densities (using the fact that - —co corresponds to an
gered magnetic order can only be expected in the core regionempty system with zero entropy). The result is shown in Fig.
This is exactly what is seen in Fig. 1 (first row): atldw(left ~ 2: after a steep initial increase, thentral entropy density (di-
column), the core shows a nearly perfect staggered magnetizamonds) develops a kink aroufig ~ 0.32t (arrow) and then
tion. With increasingT (from left to right), both the extent reaches a plateau with a value slightly above the mean field
of the ordered region and its polarization decrease urgibth  value of log(2) for a spin system. Tlaeerage entropy density
der is lost at the Néel temperatufg ~ 0.32t. Unfortunately, (circles) is always larger due to the low-density shell; amtje-
this most obvious signature of AF order is not directly aecesular, the kink is much weaker and a significant slope remains
sible experimentally, primarily due to lack of single-sitso- ~ aboveTy. Corresponding entropy data for smaller discretiza-
lution. A measurement of particle density profiles (thirdvjo ~tion (crosses) show excellent agreement, which estalsligtze
also wouldn’thelp in this case as they are practically ungea  Systematic errors are insignificant. We should point outfthe
(at this scale) through the transition. In contrast, thebdwoc-  grids inT andu are essential for this study since strong peaks
cupancy, the probability of two particles occupying the eam in the integrandin/dT (see inset of Fig. 2) have to be resolved.
lattice site, provides a distinct signal: at high it is feature- One might ask whether expensive RDMFT calculations as
less in the center, with a maximum value of abo@ Only  described above are really necessary for properly regpthia
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Figure 3: RDMFT-QMC estimates of the AF order parameter, the stag- 0.2 P £ 0-4 -
gered magnetization, for square lattid¢/{ = 10, T/t = 0.33, half filling at L \ 1
central site) for various trap stengtkigsymbols) as a function of thefective 0 TR S S S T S S ]
chemical potentials = uo — Voriz/az. Even for nearly realistically weak trap 0 5 10 15

strength Yo = 0.06), the transition is much smoother, by proximitjeets,
than estimated from LDA (using single-site DMFT and QMC;li$line).

radial distance

Figure 4: RDMFT-QMC estimates for cubic latticgg(t = 0.05, U/t = 12)
using periodic boundary conditions, either for a full 30t or using the slab

ordering phenomena. After all, in the case of the paramagnetapproximation (see text). For the density (top panel), thb sesults (dashed

Mott metal-insulator transition, the LDA, which approxitea
the properties of each site by those of a homogeneous
tem with the same local potential, yields static obsenabie

lines) are hardly distinguishable from the full calculaso(solid and dotted

lines); finite-size fects are very small. The agreement is also very good for
SY#he order parameter (bottom panel), with the exception isEspcorresponding

to edge of the 14 14 x 14 system. Insets: central density and order parameter

nearly perfect agreement with RDMFT [9]. However, as seen irffistribution from 22x 22 slab calculation.

Fig. 3, the order parameter profiles show enormous devit
from LDA even for the largest systems, which fully justifiegt
larger numerical #ort of the RDMFT approach.

Efficient simulations for three dimensions— Let us, finally,

ion
by solid and dotted lines in Fig. 4, show negligible size depe

dence and agree very well with the direct 3D results.
In conclusion, we have implemented the RDMFT approach

leave the “toy” case of small two-dimensional systems asd di for inhomogeneous correlated Fermi systems on a QMC basis.

cuss strategies for realistic simulations of current eixpental
setups involving cubic lattices a@{10P) particles. While such
system sizes do not pose fundamentéiclilties on the impu-
rity part of the self-consistency problem, due to lineadiaga
and perfect parallelism, a full matrix inversion (with calscal-
ing in the number of sites) as required in (2) is out of questi
at least for dense-matrix algorithms. In our current imp@eia-

In this work, we have shown, for a relatively small systenatth
the onset of antiferromagnetic order at |aws signaled by an
enhanced double occupancy. Thifeet and the impact of the
interaction strenght) will be discussed on a more quantitative
level for large cubic systems in a forthcoming publicati®8]]
0 using the slab approximation established in this paper.
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inversion dominates beyond some 1000 lattice sites.

the DFG within the TR 49 and by the John von Neumann Insti-

Fortunately, the system sizes that have to be simulated efute for Computing is gratefully acknowledged.

plicitly can be reduced quite drastically. First of all, jpelic
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