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Introduction
Target: Hubbard-type models H = Z t,-j(é;rgéjg + h.c.) + UZ Nt Nj|
(i),0 i

Dynamical mean-field theory (DMFT): local self-energy ¥ (k,w) = ¥(w)
[Metzner, Vollhardt, PRL (1989), Georges, Kotliar, PRL (1992), Jarrell, PRL (1992)]

+  non-perturbative ~~ valid at MIT

e o o
+  dynamical on-site correlations preserved
_ L e o o =
+ in thermodynamic limit
o o o

+/- exact for coordination Z — oo
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Introduction

Target: Hubbard-type models H = Z t,-j(f:;rgéjg + h.c.) + UZ Nt Nj|
(i-)) i

Dynamical mean-field theory (DMFT): local self-energy ¥ (k,w) = ¥(w)
[Metzner, Vollhardt, PRL (1989), Georges, Kotliar, PRL (1992), Jarrell, PRL (1992)]
+  non-perturbative ~~ valid at MIT

+  dynamical on-site correlations preserved
+ in thermodynamic limit

J

+/- exact for coordination Z — oo

Numerically exact impurity solvers:
e Quantum Monte Carlo (QMC)

e Exact diagonalization (ED; large finite-size errors) e o o
e Numerical renormalization group (NRG; 1-2 bands) = .
e Density matrix renormalization group (DMRG)
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Auxiliary-field QMC algorithm [Hirsch, Fye (1986)]
Green function G in imaginary time (fermionic Grassmann variables 1, w*):

1 ‘ . & . .
Grlrz = 71) = 5 [ DWIDW) vl (rz) exp[Ao— U [ dr i)
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Auxiliary-field QMC algorithm [Hirsch, Fye (1986)]
Green function G in imaginary time (fermionic Grassmann variables 1, w*):

Golre —10) = 5 [DIIDI] vt} (72 exp[Ao—UZ/ e it

Discretization § = A A7, Trotter decoupling, Hubbard-Stratonovich transformation

Wick theorem:

+ 1 ¢ 4
+ 1 + 1

/H/ —> T: :l,+T: :l/+T l/ ZMdet{M}
+ 1 + 1 > det{M}

DPG spring meeting, Berlin - 2008/02/27 - Nils Blimer (Univ. Mainz, Germany) 4 — A D>

3



Auxiliary-field QMC algorithm [Hirsch, Fye (1986)]
Green function G in imaginary time (fermionic Grassmann variables 1, w*):

1 ‘ . & . .
Grlrz = 71) = 5 [ DWIDW) vl (rz) exp[Ao— U [ dr i)

Discretization § = A A7, Trotter decoupling, Hubbard-Stratonovich transformation

* 1 4 J Ol Wick theorem:
) M 4+ ¢

/H/ —> T: :l,+T: :¢+T: :l/+ G_ZMdet{M}
+ 1 R R > det{M}

Metropolis MC importance sampling over auxiliary Ising field {s}: 2" configurations

+ numerically exact, + no sign problem, — effort scales as T3
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Self-consistency (a)

cycle using (_) (tn) fdg' n—E— Z (iwy,) \4

conventional

S0 YA,
HF-QMC i

A G (iw,) =G

(twn)+2(twy,)

GAT

> gAT

e

— <‘PW*>Q[T],AT

-/

Extrapolation A7 — 0
can Improve accuracy
of observable estimates
by several orders of
magnitude!
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Self-consistency (a)

cycle using (_) () fds. nTET ZM”) \' Oa :
72

conventional

EO — ZAT \ GAT
HF-QMC p [ ) =G () 2w 0,
GAT > gAT =

[N o T e 0

Extrapolation A7 — 0O a) g T T T 1]
can improve accuracy
of observable estimates i B
by several orders of 02 k- 15} _

magnitude! - _ ®

-0.176
-0.177

Example: energy for -0.22 |- Q - -0.178

U= W =4 (Bethe

DOS), T =1/45 i | | | &
[NB, PRB (2007)] O 0.1 0.2 03 04 0 0.05 02.1 0.15

AT AT
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New development: continuous-time QMC algorithms

1. weak-coupling expansion
[Rubtsov, Savkin, Lichtenstein, PRB (2005)]

2. hybridization expansion

[Werner et al., PRL (2006)]

No systematic errors (in principle). Also more efficient than HF-QMC?
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New development: continuous-time QMC algorithms

1. weak-coupling expansion
[Rubtsov, Savkin, Lichtenstein, PRB (2005)]

2. hybridization expansion
[Werner et al., PRL (2006)]

No systematic errors (in principle). Also more efficient than HF-QMC? No!

O HF-QMC (AT —0)
[] weak-coupling CT-QMC
/\ hybridization CT-QMC

i | | | —
@ -0.179 | s
Al =+ -
+ L 3 . i
S, -0.181 [ ' -
% A
i -0.182 : [.:. I I I
0.000 0.001 0.002 0.003 0.004
2
T

HF-QMC + extrapolation A7 — 0 can be more efficient [NB, PRB 76, 205120 (2007)]
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Unbiased Green functions and spectra from HF-QMC

State of the art:  analytic continuation (using MEM) of imaginary-time
Green function at fixed finite (often large) A7~ bias
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Unbiased Green functions and spectra from HF-QMC

State of the art:  analytic continuation (using MEM) of imaginary-time
Green function at fixed finite (often large) A7~ bias

Reason: no obvious extrapolation scheme for G(7)
O 1 | 1 | | T |
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Low temperature ( “beyond HF-QMC"): large A7 ~~ large biases [NB, arXiv:0712.1290]
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Unbiased Green functions and spectra from HF-QMC

State of the art:  analytic continuation (using MEM) of imaginary-time
Green function at fixed

| ! | ! | ! | ! | ! |
crossover region

Reason: no obvious extrapolatic  0.06 | =
critical end point
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Low temperature ( “beyond HF-QMC"): large A7 ~~ large biases [NB, arXiv:0712.1290]
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New Green function extrapolation scheme

For each AT

2 GAT11 GATg;

e average Green functions ~ Ga. (1), AGa- (7))

e interpolate via difference Green function Ga,(7) —

... Ga,, (with error bars) on common fine 7 grid

GmodeI(T)
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New Green function extrapolation scheme

For each A7: e average Green functions ~~ Ga.(77), AGa,(7i)

e interpolate via difference Green function Ga,(7) —

~ Garyr GAry, - .. Gar, (With error bars) on common fine 7 grid

GmodeI(T)

e Extrapolate log[— G(7)] using cubic least-squares fits, overweighting low A7

0.6

0.5

0.4

0.3

0.2

In [-G(1)] - offset

0.1

I |
HBH T=225  T=1/45, U=4.95
| T=4.5
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v 1=0.4
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Result: unbiased, numerically exact Green function

0
-0.1
-0.2
G
S -0.3
-0.4
-0.5
0 1 2 3
T

[NB, arXiv:0712.1290]
Excellent agreement with hybridization expansion CT-QMC [Werner et al., PRL (2006)]
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Analytic continuation using Padé approximant for self-energy

- !
0.5 1=1/200

U=4.95 | :

04 : -
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First spectra without discretization error from HF-QMC, at ultra-low T

Method directly applicable, e.g., to LDA4+DMFT calculations [NB, arXiv:0712.1290]
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Multigrid Hirsch-Fye quantum Monte Carlo algorithm

State of the art: (a) conventional HF-QMC

(b) a posteriori extrapolation of selected observables
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Multigrid Hirsch-Fye quantum Monte Carlo algorithm

State of the art: (a) conventional HF-QMC

(b) a posteriori extrapolation of selected observables

()
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Z() - ] \ G
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< ¥ ¥ v
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(c) Multigrid HF-QMC: internal elimination of Trotter error
~ quasi continuous time algorithm [NB, arXiv:0801.1222]
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Schematic comparison via generalized Ginzburg-Landau functionals
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Conventional Hirsch-Fye QMC: DMFT fixed point shifts with A7
Multigrid Hirsch-Fye QMC: DMFT iteration towards exact fixed point
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Schematic comparison via generalized Ginzburg-Landau functionals
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Conventional Hirsch-Fye QMC: DMFT fixed point shifts with A7
Multigrid Hirsch-Fye QMC: DMFT iteration towards exact fixed point

Implementation: Green function extrapolation, hierarchy of frequency scales, . . .
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Comparison: double occupancy D = (n;;n;;) near Mott transition

| | I | | I | |
0.04 ™ T=1/45, U=5—
' metal
0.03 [ _
O [,
0.02 v TV _
insulator
0.01 [ —
HF-QMC
0 | | | | | | | |
0 01 02 03 04 05 06 07 0.8
2
AT

Conventional HF-QMC: no insulating solution for A7 2> 0.4
very irregular A7 dependence beyond A7 =~ 0.3
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Comparison: double occupancy D = (n;;n;;) near Mott transition

"""""
- ~
5%

| | |
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insulator
0.01 HF-QMC
Ho— multigrid: At € [0.30, 0.70]
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2
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Conventional HF-QMC: no insulating solution for A7 2> 0.4

very irregular A7 dependence beyond A7 =~ 0.3

Multigrid HF-QMC: vastly larger useful range of At
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Systematic study: impact of grid range [ATmin, ATmax]

0.0841 . . - . - .
[ T=1/45, U=4
0.0840 | @ -
(R
0.0839 |- -
00838 b—u— 1 1 .
0 0.1 0.2 0.3
Aﬂl:min

Multigrid HF-QMC usually “numerically exact” for 7, < 0.3
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Spectral weight transfer at the Mott transition

Question: how does the Mott metal-insulator transition take place, precisely?
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Spectral weight transfer at the Mott transition

Question: how does the Mott metal-insulator transition take place, precisely?

Dynamical DMRG ~~» Hubbard band subpeaks in metallic phase (at T = 0)
[Karski, Raas, Uhrig, PRB (2005)]

DPG spring meeting, Berlin - 2008/02/27 - Nils Blimer (Univ. Mainz, Germany) 4 — A D> 14



Spectral weight transfer at the Mott transition

- 1 1 1 1 - 1] e . 2
crossover region tor transition take place, precisely?
0'06_ e . _|||||III|||III|IIII|II\I|IIII|IIII|IIII|III\|IIII—
critical end point
coexistence region
' metal insulator
002 F U
0 1 ]
44 4.6

Dynamical DMRG ~~» Hubbard band subpeaks in metallic phase (at T = 0)
[Karski, Raas, Uhrig, PRB (2005)]
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Spectral weight transfer at the Mott transition

- 1 1 1 1 - 1] e caly?
crossover region tor transition take place, precisely?
0.06 |- N _ .
critical end point
coexistence region
' metal insulator
002 F U
0 1 ]
44 4.6

Dynamical DMRG ~~» Hubbard band subpeaks in metallic phase (at T = 0)
[Karski, Raas, Uhrig, PRB (2005)] Verify using multigrid HF-QMC. . .
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Analysis via difference of spectral functions (symmetric in w) at U =5.2

! |
DDMRG — -

Amet(“)) ) Ains((o)

Problems for QMC: (i) analytic continuation of QMC data ill-conditioned
(ii)) no T — 0 extrapolation of spectra
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Difference Green functions in imaginary time

O ! | ! | ! | ! |
DDMRG —
_-0.01
©
E
o002
©
©
-
© 0.03
-0.04
0 2 4 6 8
T

DPG spring meeting, Berlin - 2008/02/27 - Nils Blimer (Univ. Mainz, Germany) 4 = A > 16


http://de.arxiv.org/abs/0801.1222

Difference Green functions in imaginary time
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Difference Green functions in imaginary time

0 | | |
T=1/100 ----
el T=1120 e
g™y _0.01 L A feeesemeementT . s T=1/140 - )
\l:: """ -
5 | ®& EB5 k-
' -0.02 |-
\l:: _____
-.q_s ---------
= PO .. -_:,:.:--: ------
Q) -0.03 _____________________ L
-0.04
0 o 4 " :

Multigrid HF-QMC data precise within linewidths [NB, arXiv:0801.1222]
DDMRG overestimates spectral weight transfer at U = 5.2 by about 10%)!
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Difference spectra

I

T=1/100 ==+~ -
T=1/120 -
T=1/140 -~
DDMRG —

Amet(m) ) Ains(“))

Similarities, but no indication for feature at w = 1.3 in QMC data

QMC spectral data via Padé interpolation, may be overly smooth [NB, arXiv:0801.1222]
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Summary

Efficiency of QMC DMFT solvers: HF-QMC competitive (for not too low T)
Unbiased Green functions and spectra from HF-QMC

Multigrid Hirsch-Fye quantum Monte Carlo algorithm
Quasi continuous time ~~ strictly “numerically exact”
Stable and precise even at phase boundaries
More efficient, reaches lower T

Spectral weight transfer at the Mott transition
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Unbiased Green functions and spectra from HF-QMC

Multigrid Hirsch-Fye quantum Monte Carlo algorithm
Quasi continuous time ~~ strictly “numerically exact”
Stable and precise even at phase boundaries
More efficient, reaches lower T

Spectral weight transfer at the Mott transition

Should we abandon the established Hirsch-Fye QMC method and switch to
continuous-time QMC methods?
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Summary

Efficiency of QMC DMFT solvers: HF-QMC competitive (for not too low T)
Unbiased Green functions and spectra from HF-QMC
Multigrid Hirsch-Fye quantum Monte Carlo algorithm

Quasi continuous time ~- strictly “numerically exact”
Stable and precise even at phase boundaries
More efficient, reaches lower T

Spectral weight transfer at the Mott transition

Should we abandon the established Hirsch-Fye QMC method and switch to
continuous-time QMC methods?

Yes!  CT-QMC more efficient [Werner et al., Troyer, Gull et al., 2005-2007]
Nol  HF-QMC with extrapolation A7 — 0 is competitive [NB, 2007]
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Summary

Efficiency of QMC DMFT solvers: HF-QMC competitive (for not too low T)
Unbiased Green functions and spectra from HF-QMC

Multigrid Hirsch-Fye quantum Monte Carlo algorithm
Quasi continuous time ~~ strictly “numerically exact”
Stable and precise even at phase boundaries
More efficient, reaches lower T

Spectral weight transfer at the Mott transition

Should we abandon the established Hirsch-Fye QMC method and switch to
(quasi-) continuous-time QMC methods?

Yes!  CT-QMC more efficient [Werner et al., Troyer, Gull et al., 2005-2007]
Nol  HF-QMC with extrapolation A7 — 0 is competitive [NB, 2007]
Yes!  Multigrid method combines advantages of HF-QMC with CT-QMC

PhD and postdoc positions available!
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Low-7 resolution limited by A7? No!

_002 _"‘.'-. T=1/45, U=5 A"C — 04 _________ —
S |

| |
0 5 10 15 20
T

Uniform A7 dependence, position of max. error independent of A7 and phase!
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Efficiency: potential energy E . = UD (at U = W = 4)

T | T I
0.345 L ~&- CT-QMC: weak coupling () _
A CT-QMC: hybridization o7
N --@-- conventional HF-QMC: At—0 4
0.344 | - 7
'L; —— multigrid HF-QMC: At—0 Py
+0.343 7
S
Ll
0.342 ]
0.341 - ' ' ' '
0.000 0.001 0.002

-|-2
No more “difficult observables” for multigrid HF-QMC
Higher precision than CT-QMC methods at same effort
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