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Introduction

Motivation: V2O3

(d1-d2LI ) hybridization (Uozumi et al., 1993). Cluster-
model analysis has revealed considerable weight of
charge-transfer configurations, d3LI ,d4LI 2,. . . , mixed into
the ionic d2 configuration, resulting in a net d-electron
number of nd.3.1 (Bocquet et al., 1996). This value is
considerably larger than the d-band filling or the formal
d-electron number n52 and is in good agreement with
the value (nd53.0) deduced from an analysis of core-
core-valence Auger spectra (Sawatzky and Post, 1979).
If the above local-cluster CI picture is relevant to experi-
ment, the antibonding counterpart of the split-off bond-
ing state is predicted to be observed as a satellite on the
high-binding-energy side of the O 2p band, although its
spectral weight may be much smaller than the bonding
state [due to interference between the d2→d11e and
d3LI→d2LI 1e photoemission channels; see Eq. (3.12)].
Such a spectral feature was indeed observed in an ultra-
violet photoemission study by Smith and Henrich (1988)
and in a resonant photoemission study by Park and
Allen (1997). In spite of the strong p-d hybridization
and the resulting charge-transfer satellite mechanism de-
scribed above, it is not only convenient but also realistic
to regard the d1-d2LI bonding band as an effective V 3d
band (lower Hubbard band). The 3d wave function is
thus considerably hybridized with oxygen p orbitals and
hence has a relatively small effective U of 1–2 eV (Sa-
watzky and Post, 1979) instead of the bare value U
;4 eV. Therefore the effective d bandwidth W becomes
comparable to the effective U : W;U . With these facts
in mind, one can regard V2O3 as a model Mott-Hubbard
system and the (degenerate) Hubbard model as a rel-
evant model for analyzing the physical properties of
V2O3.

The time-honored phase diagram for doped V2O3 sys-
tems, (V12xCrx)2O3 and (V12xTix)2O3 , is reproduced
in Fig. 70. The phase boundary represented by the solid
line is of first order, accompanied by thermal hysteresis
(Kuwamoto, Honig, and Appel, 1980). In a Cr-doped
system (V12xCrx)2O3 , a gradual crossover is observed
from the high-temperature paramagnetic metal (PM) to

FIG. 69. Photoemission spectra of V2O3 in the metallic phase
taken using photon energies in the 3p-3d core excitation re-
gion. From Shin et al., 1990.

FIG. 68. Corundum structure of V2O3.

FIG. 70. Phase diagram for doped V2O3 systems,
(V12xCrx)2O3 and (V12xTix)2O3. From McWhan et al., 1971,
1973.
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Corundum structure:

• hcp O2− lattice

• V3+ fill 2/3 of octahedral vacancies

doping with Ti, Cr:

• (nearly) isovalent

• distorts lattice→ changes overlap

• drives MIT (like pressure)

Paramagnetic, bandwidth-controlled
metal-insulator transition in V2O3

−→ simple single-band model?

Corundum structure

O
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3+

V
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αCr < αV < αTi
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Hubbard model
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Controversy: phase diagram for fully frustrated “Bethe” lattice
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Quantum Monte Carlo Algorithm

Trotter-Suzuki decomposition e
−β(Â+B̂)

=
(

e
−∆τÂ

e
−∆τB̂)Λ

+O(∆τ); Λ = β/∆τ

Hubbard-Stratonovich transformation, Wick’s theorem:

Gσll′ =
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(

M{s}
σ

)−1

ll′ detM
{s}
↑ detM

{s}
↓

∑

{s} detM
{s}
↑ detM

{s}
↓

,

M
sl
σll′ = (∆τ)

2
(G−1

σ )ll′ e
λσsl′ + δll′

(

1− eλσsl
)

....
i

Monte-Carlo importance sampling of {s}, unknown prefactor in Z cancels
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Krauth: spline of G(τ), analytic FT

Jarrell: spline of G(τ)−G0(τ)

different approach: Ulmke smoothing

G̃(iωn) = ∆τ
Λ−1
∑

l=0

e
iωnτlG(τl)

G(iωn) =
∆τ

ln(1 + ∆τ/G̃(iωn))

large ∆τ dependence at small ω

Results of FT G(τ)→ G(iωn) (plus inverted Dyson eq.)
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(
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8)

∆τ

changes G(iωn) only for ωn ≈ ωNyquist = π/∆τ

correct for small ω already at finite ∆τ
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Quantitative comparison of Fourier

transformation schemes:

self-energy (T = 0.1, U = 5.0)

a) “Ulmke Smoothing”,

b) improved “Smoothing”,

c) spline plus analytic

high frequency corrections

Stronger effects at lower T

Low-frequency part of Σ(ω)

well captured in b) und c)
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Construction of the Coexistence Phase Diagram

Observables

a) double occupancy

D = 〈n̂i↓n̂i↑〉

b) quasiparticle weight

Z
−1

= 1−
d Re Σ(ω)

dω

≈ 1−
Im Σ(iπT )

πT

c) energy

E = UD + Ekin
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∞
∫

−∞

dε ε ρ(ε)/(e
βε

+ 1)

energy: ideal observable for localizing MIT: • regular (quadratic) ∆τ dependence within each phase

• nearly zero curvature within each phase
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In insulating phase: E(U, T ) ≡ E(U), D(U, T ) ≡ D(U)
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Coexistence region: energy E in insulating and metallic phases
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Energy, extrapolated to ∆τ = 0

-0.15

-0.14

-0.13

-0.12

-0.11

-0.1

4.4 4.6 4.8 5

E

U

insulator
metal: T=0.067
metal: T=0.050
metal: T=0.040
metal: T=0.031
metal: T=0.025
metal: T=0.020

metal (QMC, T->0 + fit)
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Final coexistence phase diagram
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0

0.02

0.04

0.06

0.08

0.1

4.4 4.5 4.6 4.7 4.8 4.9 5 5.1 5.2

T

U

metal insulator

crossover region

critical end point

Uc1 Uc2

this work (∆τ=0.0)
Rozenberg et al., 1999
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Final coexistence phase diagram
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Thermodynamic first-order phase transition line Uc(T )

Differential equation for Uc(T )
MIT line determined by free energy F ,

F = E − TS; dF = −S dT +DdU .

Problem: free energy F and entropy S cannot be computed within QMC (prefactor in Z)
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Thermodynamic first-order phase transition line Uc(T )

Differential equation for Uc(T )
MIT line determined by free energy F ,

F = E − TS; dF = −S dT +DdU .

Problem: free energy F and entropy S cannot be computed within QMC (prefactor in Z)

Using
∂βF

∂β

∣

∣

∣

∣

U

= F − T
∂F

∂T

∣

∣

∣

∣

U

= F + TS = E

write differential for metal/insulator

d
(

βFm/i(β, U)
)

= Em/i(β, U) dβ + βDm/i(β, U) dU .

d
(

β∆F (β, U)
)

= 0 on smooth first-order MIT line (denoting ∆F ≡ Fm − Fi etc.)

⇒
dUc(T )

dT
= f(T, Uc(T )); f(T, U) :=

∆E(T, U)

T ∆D(T, U)
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Extrapolation ∆τ → 0 for double occupancy D
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Double occupancy, extrapolated to ∆τ = 0
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Low-temperature asymptotics of Uc(T )
U0

c ≡ Uc2(T =0) = 5.85±0.1 (PSCT, ED, NRG)
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Fermi liquid theory: Em(T, U) = E
0
m(U) + 1

2γ(U)T
2
; Sm(T, U) = γ(U)T

Ei(T, U) = E
0
i (U); Si(T, U) = S0

PSCT: E
0
i (U)− E0

m(U) =
a

2
(U − U0

c )
2
; γ(U) =

γ0

U0
c − U

Equate free energies: 0 = ∆F (T, Uc) ≈
a

2
(U − U0

c )
2

+
1

2
γ(U)T

2 − TS0

for low-T solution Uc(T ) = U
0
c −

√

2SoT

a
+

γ0

4S0

T +O(T
3/2

)

Consequently:
dUc(T )

dT
= −

√

So

2aT
+O(1), A(T ) = −

√

So

2a
T
−1/2

+O(T
0
)

But: no reliable (PSCT) estimate for Dm(U) and a = ∆(dD/dU)
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Second order perturbation theory and beyond
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Second order perturbation theory and beyond
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Extrapolation of QMC data E(U, T )
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good consistency γ ↔ Z
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differential equation fully determined:

dUc(T )
dT = f(T, Uc(T ))

f(T, U) = A(T ) + 43U

A(T ) = −4.1T−1/2 + A1 + (A2T )1/2

+ (A3T )4
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Full MIT phase diagram
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Comparison with literature
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Transformation technique [Tong et al., PRB 64, 235109 (2001)]
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U −→ Ũ = U−cG(τ=β/2)

 continuous curve D(Ũ)

back trafo  s-shaped curves

Maxwell construction  Uc

scheme is approximate:

Σ(U, ω) =
U2

4ω
+O(ω

−2
) 6= Σ(Ũ, ω)

 wrong second derivative of G(τ)

still: very good agreement for Uc(T )
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Conclusion

Inaccuracy of Schlipf et al.’s results traced back to non-optimal Fourier transformation scheme

(larger ∆τ error in insulator)

Improved FT algorithm as accurate (at small/moderate ω) as good spline algorithms

Very precise determination of coexistence phase diagram

First controlled determination of thermodynamic first-order MIT line

• differential equation for Uc(T )

• ground state properties E(U), D(U) in insulating phase

• inclusion of Fermi liquid properties

• fit guided by second-order PT and PSCT/ED/NRG result at T = 0

• numerous checks of consistency

Critical behavior barely observable within QMC (difficult even within IPT)

Remaining mystery: RDA results

Advanced spline FT scheme with analytic high-energy corrections (Knecht/Blümer)

Direct computations of free energy differences from Ginzburg-Landau functional
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Critical behavior: Landau theory [Kotliar et al., PRL 84, 5180 (2000)]
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Asymptotic exponent of IPT is 1/2, not 1/3!
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