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new [continuous time] quantum Monte Carlo solvers
. . . for the DMFT . . . perform orders of magnitude
faster than the standard Hirsch-Fye algorithm . . .
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as Λ3
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HF-QMC
dead!
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Consequences
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Consequences
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2) sightseeing . . .

but . . .
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Extreme QMC precision for Mott insulator

Energy E and double occupancy D in Mott insulating ground state of 1-band
Hubbard model with semi-elliptic DOS (W=4): QMC vs. perturbation theory

[N. Blümer and E. Kalinowski, Phys. Rev. B 71, 195102 (2005)]
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Subtract 10th order PT: perfect agreement of QMC with extrapolated PT

[N. Blümer and E. Kalinowski, Phys. Rev. B 71, 195102 (2005)]

QMC accuracy only challenged by self-energy functional theory (SFT)
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Efficiency of QMC DMFT solvers

Nils Blümer, Univ. Mainz

Outline

Motivation: Gull/Troyer comparison

Introduction: DMFT and QMC

Efficiency: HF-QMC vs. CT-QMC

Precision: HF-QMC vs. ground state methods

Conclusion
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Introduction: DMFT and QMC

Hubbard model Ĥ = −t
∑
〈i,j〉,σ

(ĉ†iσĉjσ+ h.c.) + U
∑

i

n̂i↑n̂i↓

Dynamical mean-field theory (DMFT): local self-energy Σ(k, ω) ≡ Σ(ω)

+ non-perturbative  valid at MIT

+ dynamical on-site correlations preserved

+ exact for Z →∞
+ in thermodynamic limit

d=2: Z = 4 bcc: Z = 8 fcc: Z = 12 DMFT: Z =∞
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Iterative solution of

DMFT equations

G(τ) = −〈ΨΨ∗〉G[τ ]

G(iωn) =
∫
dε

ρ(ε)
iωn−ε−Σ(iωn)& %

' $

G

G G

Σ←Σ0

6

?

````````̀

````````̀

G−1(iωn)=G−1(iωn)+Σ(iωn)
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Impurity solver:

• Quanten-Monte-Carlo (QMC)

• Iterative perturbation theory (IPT)

• Non-crossing approximation (NCA)

• Exact diagonalization (ED)

• Numerical renormalization group (NRG)

• Density matrix renormalization group (DMRG)

• Self-energy functional theory (SFT) + ED
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Principles of Hirsch-Fye QMC

Treatment in imaginary time using fermionic Grassmann variables ψ, ψ∗:

Gσ(τ2 − τ1) =
1
Z

∫
D[ψ]D[ψ∗] ψσ(τ1)ψ∗σ(τ2) exp

[
A0 −

U

2

∑
σσ′

∫ β

0

dτ ψ∗σψσψ
∗
σ′ψσ′

]
discretization β = Λ ∆τ , Trotter decoupling

discrete Hubbard-Stratonovich transformation e−∆τU(n↑−n↓)
2/2 =

1
2

∑
s=±1

eλs(n↑−n↓)

Wick theorem:

G =
∑
M det{M}∑
det{M}

Metropolis MC importance sampling over auxiliary Ising field: 2Λ configurations

+ nonperturbative, numerically exact − effort scales as T−3
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Principles of weak-coupling CT-QMC

Decouple action into quadratic part

S0 = −
β∫

0

dτdτ ′
∑

σ

cσ(τ)Fσ(τ − τ ′)c†σ(τ ′)− µ
β∫

0

dτ(n↑ + n↓)

and an interaction part

SU = U

β∫
0

dτn↑n↓,

where G−1
0,σ(iω) = iω + µ− Fσ(−iω).

[Gull et al. cond-mat/0609438]

Z =
∑

k

(−U)k

k!

∫
dτ1 . . . dτk TrTτe

−S0 n↑(τ1)n↓(τ1)...n↑(τk)n↓(τk)

is sampled by random insertions/removals of vertices. Trick: avoid sign problem
[Rubtsov, Savkin, Lichtenstein, PRB 72, 035122 (2005)]
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Principles of hybridization expansion CT-QMC

Decompose action into local part

SL = −µ
∫ β

0

dτ(n↑ + n↓) + U

∫ β

0

dτn↑n↓

and hybridization part

SF = −
β∫

0

dτdτ ′
∑

σ

cσ(τ)Fσ(τ−τ ′)c†σ(τ ′); [Gull et al. cond-mat/0609438]

expanding the partition function in powers of Fσ leads to:

Z = TrTτe
−SL

∏
σ

∑
kσ

1
kσ!

β∫
0

dτσ
1 ...dτ

σ
kσ

β∫
0

dτ̃σ
1 ...dτ̃

σ
kσ

×
[
cσ(τ1)Fσ(τ1 − τ̃1)c†σ(τ̃1) . . . cσ(τkσ)Fσ(τkσ − τ̃kσ)c

†
σ(τ̃kσ)

]
.

Express combined weight corresponding to given collection {c†σ(τ̃i), cσ(τi)}i=1,...,kσ

of creation and annihilation operators as the determinant of a matrix DF,σ,
sample . . . [Werner et al., PRL 97, 076405 (2006); Werner and Millis, PRB 76, 1 (2006)]
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Efficiency: HF-QMC vs. CT-QMC

[cond-mat/0609438]
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Efficiency: HF-QMC vs. CT-QMC

[cond-mat/0609438]

• Test case: 1-band Hubbard model (semi-elliptic DOS, n = 1, W = 4) for U = 4

• Focus on low temperatures: T = 1/45

• Additional results for doped model (also different U)
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Efficiency: HF-QMC vs. CT-QMC

[cond-mat/0609438]

• Test case: 1-band Hubbard model (semi-elliptic DOS, n = 1, W = 4) for U = 4

• Focus on low temperatures: T = 1/45

• Additional results for doped model (also different U)

Good Hirsch-Fye implementation? Fair comparison? Precision of results?
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Self-energy for U = W = 4 and T = 1/45
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Self-energy: ImΣ(iω0)/ω0 = 1− 1/Z for U = 4
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Energetics: kinetic energy for U = 4
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Energetics: total energy for U = 4
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Relative efficiency?

HF-QMC cannot compete with CT-QMC
without extrapolation of ∆τ → 0.

But: extrapolation improves accuracy by
more than 2 orders of magnitude.

Central limit theorem: errors in QMC decay
as 1/

√
runlength extrapolation improves

efficiency by 4 orders of magnitude!
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Relative efficiency?

HF-QMC cannot compete with CT-QMC
without extrapolation of ∆τ → 0.

But: extrapolation improves accuracy by
more than 2 orders of magnitude.

Central limit theorem: errors in QMC decay
as 1/

√
runlength extrapolation improves

efficiency by 4 orders of magnitude!

Results in comparison by Gull et al. are obtained from 20 DMFT iterations using 7
hours of CPU time on an AMD Opteron 244, starting from a converged solution, i.e.
more than 140 CPU hours per data point.

My runs have used roughly an order of magnitude more (but are much more precise).

Todo: prepare exact 140 CPU-h comparison runs.
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Precision: HF-QMC vs. ground state methods

Up to now: HF-QMC results extrapolated to ∆τ = 0

Extrapolate also T → 0, compare with ground state methods – for metallic phase

Observables: energy, double occupancy, quasiparticle weight
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HF-QMC results:
small errors,
consistent, smooth

ground state methods:
inconsistent with PT,
strongly fluctuating
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Conclusion

CT-QMC methods are promising, give easy direct access to relevant phases
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Comparison by Gull et al. is unfair:

• apparently inefficient HF-QMC code

• extrapolation not considered

• arithmetic average of matrix sizes irrelevant
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Conclusion

CT-QMC methods are promising, give easy direct access to relevant phases

Hirsch-Fye QMC (with high-frequency corrections) is not dead!

Extrapolation ∆τ → 0: essential for HF-QMC, impossible for CT-QMC

Comparison by Gull et al. is unfair:

• apparently inefficient HF-QMC code

• extrapolation not considered

• arithmetic average of matrix sizes irrelevant

Nobody publishes precise ground state energetics - why?
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