Numerically exact Quantum Monte Carlo Algorithms

SRFN-Workshop 2012, Ebernburg -

for Impurity Problems

Nils Blimer

Institut fiir Physik, Johannes Gutenberg-Universitdt Mainz

GUTENKERG..

TR 49: Condensed matter systems FOR 1346
with variable many-body interactions LDA+DMFT
Frankfurt / Kaiserslautern / Mainz Augsburg et al.

2012/10/19 - Nils Bliimer


http://prb.aps.org/abstract/PRB/v86/i15/e155109

Numerically exact Quantum Monte Carlo Algorithms
for Impurity Problems

Nils Blimer

Institut fiir Physik, Johannes Gutenberg-Universitdt Mainz

GUTENKERG..

Momentum-dependent pseudogaps in the 2-d Hubbard model

[D. Rost, E. V. Gorelik, F. Assaad, N. Bliimer, Phys. Rev. B 86, 155109 (2012)]

FEA
° \ . TR 49: Condensed matter systems FOR 1346
. ¢ b with variable many-body interactions LDA+DMFT
Frankfurt / Kaiserslautern / Mainz Augsburg et al.

SRFN-Workshop 2012, Ebernburg - 2012/10/19 - Nils Blimer


http://prb.aps.org/abstract/PRB/v86/i15/e155109

QOutline

Motivation: pseudogap, high-T. superconductivity, antiferromagnetism

Challenge: spectra of Hubbard model in thermodynamic limit
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QOutline

Motivation: pseudogap, high-T. superconductivity, antiferromagnetism

Challenge: spectra of Hubbard model in thermodynamic limit

Approach: determinantal QMC, Trotter+FS extrapolations

maximum entropy method for analytic continuation

Results: unbiased pseudogap spectra (continuous k resolution)
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QOutline

Motivation: pseudogap, high-T. superconductivity, antiferromagnetism

Challenge: spectra of Hubbard model in thermodynamic limit

Approach: determinantal QMC, Trotter+FS extrapolations

maximum entropy method for analytic continuation

Results: unbiased pseudogap spectra (continuous k resolution)

Outlook:  numerically exact multigrid DMFT+DQMC
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Motivation: pseudogap physics in high-T. cuprates

Layered cuprates: strongly correlated electron systems

YBayCu3Oy7 crystal structure
[Bobroff, Wikimedia Commons]
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Motivation: pseudogap physics in high-T. cuprates

Layered cuprates: strongly correlated electron systems, high- T superconductivity

DDA § P sGulO
osemfme

All superconductors

e expel (weak) magnetic fields

e have no electric resistance

[Miihlpfordt, Wikipedia: Superconductivity]

22 inner/outer
cormugated pipes

PPLP layer

Supercohducting
layers

[Sumimoto HTS cable]
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Motivation: pseudogap physics in high-T. cuprates

Layered cuprates: strongly correlated electron systems, high- T superconductivity

All superconductors

e expel (weak) magnetic fields

e have no electric resistance

YBayCu3Oy7 crystal structure
[Bobroff, Wikimedia Commons]

LNy

PVC jacket

22 inner/outer
cormugated pipes

PPLP layer

 Yokosuka

Superconducting
shielding layer

[Sumimoto HTS cable] [Sumimoto - TEPCO test at Yokosuka]
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Motivation: pseudogap physics in high-T. cuprates
Layered cuprates: strongly correlated electron systems, high- T superconductivity

0D 9 L Ges 0
- !DOI!MD .\l superconductors

e expel (weak) magnetic fields

e have no electric resistance

- — charge excitation gap
YBaxCu3O7 crystal structure [MiihIpfordt, Wikipedia: Superconductivity]
[Bobroff, Wikimedia Commons]

Electric resistance of normal metals:

© °  electron-electron scattering + lattice

v [analogy: marathon through forest] g
¢ ¢ (only electrons near Fermi energy) i
[Wikipedia]
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Motivation: pseudogap physics in high-T. cuprates

Layered cuprates: strongly correlated electron systems, high- T superconductivity

All superconductors

e expel (weak) magnetic fields

e have no electric resistance

— charge excitation gap
YBayCu3O7 crystal structure [Miihlpfordt, Wikipedia: Superconductivity]

[Bobroff, Wikimedia Commons]

Electric resistance of normal metals:

electron-electron scattering + lattice

v [analogy: marathon through forest]

energy
energy

¢ ¢ (only electrons near Fermi energy)

[Wikipedia]

BCS state: isotropic full gap 2A
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Motivation: pseudogap physics in high-T. cuprates

Cuprate superconductors:

e planar structure

~~ quasi-2d electron systems

(Cu-O planes)

[Bobroff, Wikimedia Commons]
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Motivation: pseudogap physics in high-T. cuprates

Cuprate superconductors:

e planar structure
~~ quasi-2d electron systems

(Cu-O planes)

e d-wave pair function

~ excitation gap has nodes
(and “antinodes”)

[Shen group, Stanford University]

[Bobroff, Wikimedia Commons]
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Motivation: pseudogap physics in high-T. cuprates

Cuprate superconductors:

e planar structure
~~ quasi-2d electron systems
(Cu-O planes)

e d-wave pair function

~ excitation gap has nodes

(and “antinodes”)

[Shen group, Stanford University] t
/\
Theory: T t(’) :/
| A
Hubbard model Vo
. Al I\

on square lattice QD

q N O ;>

[on-site interaction U]

[Bobroff, Wikimedia Commons]
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Motivation: pseudogap physics in high-T. cuprates

Experiment: “pseudogap” above T,
(towards AF regions near half filling)

300} Nd, Ce CuO, 1 La, Sr CuO, |
g 200} | “‘Normal”’
g Metal
g <
=
g 100} L % 1
= AF  |AR|

. P sc Gl

0.3 0.2 0.1 0.0 0.1 0.2 0.3
Dopant Concentration x
FIG. 1. Schematic phase diagram of high-7, superconductors
showing hole doping (right side) and electron doping (left
side). From Damascelli et al., 2003.

[Lee et al., RMP (2006)]
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showing hole doping (right side) and electron doping (left
side). From Damascelli et al., 2003.

[Lee et al., RMP (2006)]

La, SrCuO, /o T \ R, Ce,CuO,

0.20 0.10 0.10 0.20
Hole doping / Sr content (x) Electron doping / Ce content (x)

e JA A Band filling

FIG. 2. (Color online) Joint phase diagram of the LSCO/
NCCO material systems. The uncertainty regarding the extent
of AF on the electron-doped side and its coexistence with su-
perconductivity is shown by the dotted area. Maximum Néel

[Armitage et al., RMP (2010)]

Origin/nature of pseudogap: preformed sc pairs, competing phenomenon (AF)?
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Motivation: pseudogap physics in high-T. cuprates

Experiment: “pseudogap” above T,
(towards AF regions near half filling)
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FIG. 1. Schematic phase diagram of high-7, superconductors
showing hole doping (right side) and electron doping (left
side). From Damascelli et al., 2003.

[Lee et al., RMP (2006)]

La,  Sr,CuO, k R, Ce,CuO,

0.20 0.10 0.10 0.20
Hole doping / Sr content (x) Electron doping / Ce content (x)

e JA A Band filling

FIG. 2. (Color online) Joint phase diagram of the LSCO/
NCCO material systems. The uncertainty regarding the extent
of AF on the electron-doped side and its coexistence with su-
perconductivity is shown by the dotted area. Maximum Néel

[Armitage et al., RMP (2010)]

Origin/nature of pseudogap: preformed sc pairs, competing phenomenon (AF)?

Characteristic pseudogap temperature T* near x = 0: at or far above Ty?
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Computational approaches for Hubbard-type models
Target: Hubbard model on infinite lattice

H=> ti(ehé, +he) + UD Ay b vl
(i) i
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Computational approaches for Hubbard-type models
Target: Hubbard model on infinite lattice

=3 (e, + he) + U iy b vl

(ij).o i

1) Special limits/cases
e Perturbation theory
(U< tortk V)

e Bethe Ansatz, DMRG
(tx>ty, t;~d=1)
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Computational approaches for Hubbard-type models
Target: Hubbard model on infinite lattice

H=> ti(ehé, +he) + UD Ay b vl
(i) i

1) Special limits/cases  2) Approximate mapping

o Perturbation theory Dynamical mean-field theory
(U< tortk V)

o o o
e Bethe Ansatz, DMRG
(te >ty t; ~d=1) o o o —
o o o

+ extensions (DCA, CDMFT)
need impurity/cluster solver

[Sakai, Sangiovanni, Civelli, Mo-
tome, Held, Imada, PRB (2012)]
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Computational approaches for Hubbard-type models
Target: Hubbard model on infinite lattice
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(i) i

1) Special limits/cases  2) Approximate mapping

o Perturbation theory Dynamical mean-field theory
(U< tortk V)
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o o o
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Computational approaches for Hubbard-type models
Target: Hubbard model on infinite lattice

H=> ti(ehé, +he) + UD Ay b vl
(i) i

1) Special limits/cases  2) Approximate mapping

o Perturbation theory Dynamical mean-field theory
(U< tortk V)

o o o
e Bethe Ansatz, DMRG
(te >ty t; ~d=1) o o o —
o o o

+ extensions (DCA, CDMFT)

need impurity/cluster solver ED, determinantal QMC
[Sakai, Sangiovanni, Civelli, Mo- i

tome, Held, Imada, PRB (2012)]

Challenges:

(a) Compute exact imaginary-time Green functions for large clusters (< 16 x 16)
(b) Perform analytic continuation ~~ unbiased spectral functions
(c) Extrapolate to the thermodynamic limit
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Pseudogap in half-filled Hubbard model - a finite-size artifact?

Unfrustrated model: particle-hole H=_—t Z é;fg(’fja + UZ Aig iy
symmetry at n =1 (iiY.o i

Interesting: momenta k
with ex = 0 (i.e. nonin-
teracting Fermi surface)

M

“antinode” X = (, 0)
“node” M’ = (7/2,7/2)
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Pseudogap in half-filled Hubbard model - a finite-size artifact?

Unfrustrated model: particle-hole H=—t Z é;fg(’fja + UZ Aig iy
symmetry at n =1 (iiY.o i

Interesting: momenta k
with ex = 0 (i.e. nonin-
teracting Fermi surface)

M

ZF
4
A(p,w)

A IX
r
-4.0 -2.0 0.0 . .
“antinode” X = (r,0) , 20 0
“ " ’
node” M"= (/2. 7/2) DQMC [White, PRB (1992)]: PG pure FS effect

Nils Bliimer
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Pseudogap in half-filled Hubbard model - a finite-size artifact?

Unfrustrated model: particle-hole H=—t Z é;fg(’fja + UZ Aig iy
symmetry at n =1 (iiY.o i

Interesting: momenta k

with e, = 0 (i.e. nonin- 0-8 T ' '
teracting Fermi surface) 4x4
— — — 6x6
M <o BxB /)
04 T~ — toxt0l:)y

ZF
4
A(p,w)

A IX
. 0.2
0.0
“ . " -4.0 -2.0 0.0 2.0 4.0
antinode” X = (7, 0) o here: A—w) = Alw)
w“ " !
node” M’ = (m/2,7/2) DQMC [White, PRB (1992)]: PG pure FS effect
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Pseudogap in half-filled Hubbard model - a finite-size artifact?

Unfrustrated model: particle-hole H=—t Z é;fg(’fja + UZ Aig iy

symmetry at n =1 (iiY.o i
Interesting: momenta k 0.6
with ex = 0 (i.e. nonin-

teracting Fermi surface)

M

“antinode” X = (r,0) |
“node” M’ = (7/2,7/2)

DCA + DQMC under/overest.
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Determinantal QMC algorithm [Blankenbecler, Scalapino, Sugar, 1981]

Goal: thermal expectation values of observables A:

(Ay=Zz71 Tr[A e*ﬁ’:l]; Z= Tr[e*ﬁ’:’]; B=(kgT) !
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Determinantal QMC algorithm [Blankenbecler, Scalapino, Sugar, 1981]
Goal: thermal expectation values of observables A:

(Ay =7 'Tr[Ae PH]; Z=Tr[e "], B=(ksT)
(i) Imaginary-time (7 € [0, /5]) discretization § = A AT

(ii) Trotter decoupling e #(T+V) ~ [e*ATfe*ATV]A
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Determinantal QMC algorithm [Blankenbecler, Scalapino, Sugar, 1981]

Goal: thermal expectation values of observables A:

(Ay=Zz71 Tr[A e*ﬁ’:l]; Z= Tr[e*ﬁ’:’]; B=(kgT) !

(i) Imaginary-time (7 € [0, /5]) discretization § = A AT

N ~ ~ ~ 1/3
(i) Trotter decoupling e #(7T+Y) [e*ATTe*ATV]A v

(iii) Hubbard-Stratonovich transformation op'?

Wick theorem:

Tt
T\L T \L+T$$l+T \L zZ= ZdetM{s}detM{s}

{si}

2NA

(iv) MC importance sampling over auxiliary Ising field {s}: configurations
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Determinantal QMC algorithm [Blankenbecler, Scalapino, Sugar, 1981]

Goal: thermal expectation values of observables A:

(Ay=Zz71 Tr[A e*ﬁ’:l]; Z= Tr[e*ﬁ’:’]; B=(kgT) !

(i) Imaginary-time (7 € [0, /5]) discretization § = A AT

N ~ ~ ~ 1/3
(i) Trotter decoupling e #(7T+Y) [e*ATTe*ATV]A v

(iii) Hubbard-Stratonovich transformation *p)
Wick theorem:

Tt
T\L T \L+T$$l+1\ \L zZ= ZdetM{s}detM{s}

{si}
2NA

172

(iv) MC importance sampling over auxiliary Ising field {s}: configurations

Sources of errors (for given cluster size):
o statistical error [from MC sampling, (iv)]

e systematic error [from Trotter decoupling, (ii)]
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Impact of Trotter error on imaginary-time Green function + spectra

Trotter discretization A7 determines: (i) bias in shape of G(7) and (ii) grid in 7

T T T T T
0-5* At=0.10 —O-- +
d A1=020 --0-- N
0.4 = AT=0.29 - -A-- H
FE AT=0.42 o 3
© 03 —Q‘z‘ '5’—
0] L 4
0.2 |- hb,b 1.8 20 22 24 d.ié —
L > & _
01 &’,‘%... .—‘§‘4g —
...... N g Q-9 4
- G007 959052. %0
0.0 \ ] \ ] ! ] \ ] \
0 1 2 3 4 5
T
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Impact of Trotter error on imaginary-time Green function + spectra

Trotter discretization A7 determines: (i) bias in shape of G(7) and (ii) grid in 7

~~ point-wise extrapolation impossible!

- 2012/10/19 - Nils Blimer

SRFN-Workshop 2012, Ebernburg



Impact of Trotter error on imaginary-time Green function + spectra

Trotter discretization A7 determines: (i) bias in shape of G(7) and (ii) grid in 7

~~ point-wise extrapolation impossible!

Idea: e generate cont. model Green function
(correct curvature at boundaries)

o fit difference with natural cubic spline

0.00 ——— 7
g ...,"o ''''
...,
< .01 - T S Sy
. . |
820—_ QMC data ¢
© (g | model Green function ---- |
O o2f o ]
0.1 | e, ]
0.0 - R S
0 1 5
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Impact of Trotter error on imaginary-time Green function + spectra

Trotter discretization A7 determines: (i) bias in shape of G(7) and (ii) grid in 7

~~ point-wise extrapolation impossible!

Idea: e generate cont. model Green function
(correct curvature at boundaries)

o fit difference with natural cubic spline

G(1)

e least-squares extrapolation in Ar?

0.2 T T T T
A1=0.10 —

At=0.20 ==
At=0.29 -+
At=0.42
At -0 —

Multigrid DQMC eliminates
Trotter errors reliably
~~ unbiased spectra! o b

2012/10/19 - Nils Bliimer
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Elimination of finite size effects: high-symmetry points

At high-symmetry points: local FS extrapolation possible for each 7
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Elimination of finite size effects: high-symmetry points

At high-symmetry points: local FS extrapolation possible for each 7

T T T T T T
0.7 I 8x8 Ir12x12 [ 16x16 [ Lo b
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Elimination of finite size effects: high-symmetry points

At high-symmetry points: local FS extrapolation possible for each 7

T T T T T T
I 8x8 1 12x12 [ 16x16 [ L > 7

o o
o N
T
I

A(o;w,0)
o o o o
N w o~ o

o o o o o
oo N o =

A(o;m/2,m/2)
o
N
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Elimination of finite size effects: high-symmetry points

At high-symmetry points: local FS extrapolation possible for each 7

SRFN-Workshop 2012, Ebernburg -

2012/10/19 -

Nils Bliimer

At weak coupling
(U/t =4):

pseudogap remains in
thermodynamic limit

d-wave type
anisotropy grows with
lattice size



Goal: unbiased spectra (A7 — 0, N — o0) along high-symmetry lines

M

- Y Wanted: spectral function with continuous momentum
resolution along high-symmetry lines through BZ

\

Special path: Fermi surface included (“beyond DMFT")
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Goal: unbiased spectra (A7 — 0, N — o0) along high-symmetry lines

M

- Y Wanted: spectral function with continuous momentum

X resolution along high-symmetry lines through BZ

\

Special path: Fermi surface included (“beyond DMFT")

FS effects shift physical quantities
and lead to incommensurate k grids

= not every k-point is accessible
= pointwise extrapolation rarely possible

- Nils Bliimer



Elimination of finite size effects: high-symmetry lines

At high-symmetry points: local FS extrapolation possible for each 7

Better: global Fourier fits along high-symmetry lines ~» continuous k-resolution

G on discrete Fit parameters for Fitparameters in G in thermodynamic
momentum grid each lattice size thermodynamic limit limit & continuous in k
fit G as evaluate

Gg(7; ki) function of k extrapolate fit function G ( k)
. T,
oo\ T

Gie(7: k;)
— T fC g S e e - Prr— T
o---a- o E

o}
@ U=4 At=0.1 B=5.6 1=2.8 -
< 1S
S © i
< I
S Q -
a @ |
b @ A
5]

c
! ! ! ! ! !
0.002 0.004 0.006 0.008 0.01 0.012
-2
L
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Spectral function for square lattice at weak coupling (U/t = 4)

4
3
M 0
i -4
i M\ ¥
____i:: X 4
! 830
-4
T =(0,0)
X = (m,0) 4 U=4,T=0.18
M =@m2m2) g o
M = (rn,m) 4

Alw) T X M M X

First unbiased spectra in thermodynamic limit (from DQMC and MEM)!
Finite-range AF opens pseudogap; k dependence (beyond DMFT) at X — M’
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Anisotropy along the fermi edge (U/t=4)

T=0.28 L=8 T=028 L=16 T=0.28
VN W N W W———
= -0 B

A I . --I :

REECN I T TN - =20

Y I O — — 0 |

A T T _'1
=1 — 1}
[ Y IS o U U —— 0 [ 0
T T e
X M X M X M

8x38 16 x 16 thermodynamic limit

Momentum resolution of FS-extrapolated
spectra impossible to reach by brute force!
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Anisotropy along the fermi edge (U/t=4)

T=0.28 L=8 T=0.28 L=16 T=0.28
S I I---I1 e K
= 0o - | — 0

A I . --I‘
REEEEN IR RN ——

[ Y N 0 e — -0
A R L W—
VECACN W R CICH N ACCR—
R P NN 0 N ———— ) SR 0

Sy e I N N S| N Ly FO—
X M X M X M

8x38 16 x 16 thermodynamic limit
Momentum resolution of FS-extrapolated 0.08 —— g
spectra impossible to reach by brute force! Us £ Us A
Maximal momentum dependence ~ T*: = eeer
e consistent with spectra 5

0.01 |-

e agrees with DMFT critical temperature!
[D. Rost, E. V. Gorelik, F. Assaad, N. Blimer, 0

Phys. Rev. B 86, 155109 (2012)]
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Summary

New methods eliminate Trotter and finite-size errors from DQMC Green functions
~~ unbiased spectra in thermodynamic limit

with continuous momentum resolution
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Summary

New methods eliminate Trotter and finite-size errors from DQMC Green functions
~~ unbiased spectra in thermodynamic limit

with continuous momentum resolution

Application: unfrustrated Hubbard model at half filling (no sign problem)
~ nodal-antinodal dichotomy of pseudogap (PG) fully resolved
PG opening at mean-field AF ordering temperature

benchmark for approximate methods (DCA)
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Summary

New methods eliminate Trotter and finite-size errors from DQMC Green functions
~~ unbiased spectra in thermodynamic limit

with continuous momentum resolution

Application: unfrustrated Hubbard model at half filling (no sign problem)
~ nodal-antinodal dichotomy of pseudogap (PG) fully resolved
PG opening at mean-field AF ordering temperature

benchmark for approximate methods (DCA)

Outlook: e Extension to finite doping and/or frustration
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Summary

New methods eliminate Trotter and finite-size errors from DQMC Green functions
~~ unbiased spectra in thermodynamic limit

with continuous momentum resolution

Application: unfrustrated Hubbard model at half filling (no sign problem)
~ nodal-antinodal dichotomy of pseudogap (PG) fully resolved
PG opening at mean-field AF ordering temperature

benchmark for approximate methods (DCA)

Outlook: e Extension to finite doping and/or frustration o

e Application as impurity solver for (cellular) DMFT 4\*5
. . : o SYEER
~> linear (instead of cubic) scaling in S
DFG research
unit 1346
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